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The tortuosities of fibrous media in the heretofore unexplored transition and
ordinary regimes are computed using a Monte Carlo scheme based on the Einstein
equation for random walkers. The model structure is that of fully penetrable cylinders
(FPC) in a unit simulation volume. The mean square displacement technique is
combined with the first passage time distribution to accelerate the progress of the
walkers at low Knudsen number. The results include the computation of transition
regime transport coefficients for the first time. The calculated ordinary tortuosities
are approximately equal to the reciprocal of the porosity over a wide range, while
the transition tortuosities are shown to deviate from the reciprocal porosity with a
simple dependence on Knudsen number. The limits of the transition regime are
shown to correspond roughly to Knudsen numbers of 0.50 and 100, respectively.
The calculated Knudsen tortuosities are shown to improve on earlier results obtained

by the authors using a flux-based technique.

Introduction

Transport through fibrous materials in the ordinary or con-
tinuum regime is a phenomenon pertinent to several physical
problems of significance. Among these are diffusion in bio-
logical membranes, solute partitioning and transport in gels
(Fanti and Glandt, 1989), and chemical vapor infiltration (CVI)
of fibrous preforms (Naslain, 1986). CVI is seldom operated
at high pressures, but the large pore sizes (~ 10" — 107 um) imply
that at least the transition regime is potentially pertinent even
at moderate pressures. In a previous study (Melkote and Jen-
sen, 1989) we have simulated the Knudsen regime diffusion in
such structures, which dominates at the typically low pressures
(<0.1 atm) and high temperatures (~1,000°C). However, a
thorough macroscopic description of the densification, wherein
the average pore size decreases with time, requires a transport
description (that is, diffusion and/or permeability) in the tran-
sition regime or molecular regime, especially if higher pressures
are used, as in some of the newer variants of CVI. From this
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standpoint as well as a theoretical one, the effective molecular
regime transport coefficients are of interest.

This problem is but a subset of the general topic of transport
in disordered materials where the inhomogeneities are dis-
persed on a microscopic scale. Such problems have a long
history which can be traced to Maxwell (1881) and Rayleigh
(1892). A good review of the analytical methods as applied to
these problems is given by Torquato (1987). The biggest draw-
back of such approaches is that they require extremely detailed
microstructural information in the form of the nth-order cor-
relation functions. For certain disordered materials, however,
variational upper and lower bounds on the effective transport
coefficient can be calculated; this has been done for random
dispersions of interpenetrating spheres (Weissberg, 1963) and
random dispersions of fully penetrable cylinders (FPC) (Tsai
and Strieder, 1986). ‘‘Exact’’ solutions can be found where
the correlation functions are known, as in regular arrays of
cylinders (Keller, 1963; Perrins et al, 1979), or for certain
computer-generated random arrays (Sangani and Yao, 1988),
but these are exceptions. In all other cases, only bounds can
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be derived. The case of fiber-reinforced composites where the
fiber placement is isotropic in the plane perpendicular to the
generator of the fibers was dealt with by Beran and Silnutzer
(1971). The famous Hashin-Shtrikman and Milton bounds have
been evaluated for media composed of equal-sized cylinders
in a matrix that are spatially uncorrelated (and thus allowed
to overlap) (Torquato and Beasley, 1986), or impenetrable
(Torquato and Lado, 1988), or possess an arbitrary degree of
penetrability (Smith and Torquato, 1989). The first treatment
of fully penetrable cylinders with random orientations in 2-
and 3-D is due to Tsai and Strieder (1986), who derived bounds
from a different variational principle, which requires formu-
lation of a trial function for the field (temperature, electric,...).
The resulting bounds should be useful in cases where the con-
ductivities of the dispersed and continuous phases differ widely.

It is apparent that for arbitrary randomly disordered ma-
terials, the analytical methods are not directly useful, and hence
explicit techniques must be used. Typically the latter involve
the computational construction of a model of the disordered
medium, and in the particular context of gas diffusion, the
explicit simulation of the molecular pathways through the con-
ducting (void) phase. In the pure Knudsen regime, this method
involves the repeated calculation of paths from solid surface
to solid surface, and has been successful (Evans et al., 1980;
Burganos and Sotirchos, 1988; Melkote and Jensen, 1989).
When the ratio of mean free path N\ to mean pore dimension
d begins to decrease, the proportion of intermolecular colli-
sions increases relative to the number of molecule-solid inter-
face collisions. The analysis then becomes somewhat more
complex in the accounting of the collisions in the continuous
{conducting) phase. Since an explicit molecular dynamics treat-
ment is usually prohibitively expensive, a heuristic method is
used wherein the path of the molecule is randomly perturbed
after random time increments which are chosen according to
some distribution which realistically represents the physics.
This idea has been employed in the past (Abbasi et al., 1983;
Akanni et al., 1987). The disadvantage of this step-by-step
procedure is that if one is simulating low Knudsen numbers
(Ng.=MN/d), a large number of such steps are required for a
given molecule to traverse even the minimum distance neces-
sary to adequately ‘sample’ the solid. Abbasi et al. (1983)
recognized this and computed the distance increment Ax; from
an equation determined by piecewise linear regression of pre-
vious distance increments (Ax;,...4%;-,). While this is a faster
means of advancing the molecules, it has the potential to in-
troduce serial correlations. Akanni et al. (1987) did not use a
pseudo-simulation and instead used explicit steps. There is
good evidence, however, that an inadequate number of steps
(~10%) was used and thus the tortuosity values they obtained
do not accurately represent the solid. On the other hand,
Schwartz and Banavar (1989) and Schwartz et al. (1989) used
asimilar random walk technique to measure electrical transport
in various grain packings and found that ~ 10° steps are re-
quired to adequately explore the medium.

In the present work, we use a technique, suggested by Reyes
and Iglesia (1991) and recently used by Tassopoulos and Rosner
(1991), which retains some elements of the explicit step-by-
step procedure. It is a hybrid method which moves the probing
molecules rapidly through the continuum portions of the void
space amid the dispersed phase, but reverts to a step-by-step
method in a given neighborhood of the inclusions which con-
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stitute the dispersion. The gas transport through a fibrous
medium, where the solid phase is represented as a dispersion
of randomly located, interpenetrating, monodisperse, essen-
tially infinite cylinders, is investigated under the transition and
ordinary/molecular regimes. This medium is identical to the
one subject to analyses by Tsai and Strieder (1986) and Faley
and Strieder (1988b). The FPC medium is believed to be a
good structural and transport model for the fibrous preforms
during the course of CVI (cf. Melkote and Jensen, 1989, for
further justification and geometric details). The ordinary re-
gime results should be applicable to other transport processes
in fibrous materials where the fiber phase is insulating, pro-
vided that the physical phenomena governing the transport
occur on a length scale much smaller than that characteristic
of the heterogeneities of the medium. To our knowledge this
is the first such analysis for fibrous materials.

Theory/Technique
Background/equations

The calculation of effective molecular diffusivities in the
FPC medium relies on the so-called mean square displacement
(MSD) method. In dense gases, diffusion under the ordinary
regime is analogous to Brownian motion. The instantaneous
distribution of Brownian particles in one dimension is given
by:

2
f(x,t)=m exp(—%) )

where

n= Smm Sf(x,0)dx.

(¢)]

If the medium through which diffusion is occurring is isotropic,
the motions in each dimension are independent of one another
and the mean square displacement in three dimensions is given
by:

<8>=<x>+<y'>+<7*>=6Dt 3)
In the case of a two-phase composite medium where only the

continuous phase occupying volume fraction ¢ conducts, Eq.
3 can be modified as

$<8*>=6D"t (4)
where the diffusivity is now an effective value which incor-
porates the effects of periodic diffusion path interruptions
caused by the dispersed phase (random walkers chosen in the
solid phase automatically have S2=0). Equation 4 is the basis
for the simulations here. Recently, Tomadakis and Sotirchos
(1991) have employed Eq. 4 to estimate Knudsen transport
through randomly overlapping fibers.

The tortuosity factor commonly found in the engineering
literature is defined as (Satterfield, 1970):

D
(&)
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The bulk diffusivity of a gas is given by kinetic theory as

D=-\vp 6)

[FS Y

where 7 is the mean molecular velocity and \ is the mean free
path of the gas under the diffusion conditions. Combination

of Egs. 4-6 yields
2AD
<8§>= (Tv>t

Eq. 7 suggests a simulation method wherein if random walkers
(representing individual molecules) are allowed to probe the
porous medium for the same fixed time interval ¢,, a plot of
< §%> vs. t should be linear and the slope should yield a
measure of the tortuosity of the structure. The success of the
scheme depends, of course, on whether accurate < S?> data
can be generated for each particle in accordance with the phys-
ics of the problem, which includes collisions with other particles
and with the solid surfaces which comprise the interfacial area
of the disordered composite. If one assumes purely hard sphere-
type collisions, so that the movements of a given particle after
different intervals of time are mutually independent processes
(Einstein, 1926), a random walk with no memory in a three-
dimensional continuum can be a reasonable approximation to
the actual motion of the diffusing particle.

The probe time ¢, must be sufficiently long so as to ade-
quately explore the structure, so that the computed 7 represents
the actual tortuosity of the medium. Typically this requires
that displacements of a few pore dimensions be traversed (this
will be made more precise later). Since Ny, (=\/d) is by def-
inition small in the molecular regime, and a typical molecular
step is of the order of X, a very large number of steps may be
required for each walker. In fact, if a molecule must traverse
a net displacement of Nd to adequately probe at a Knudsen
number of 1072, from Eq. 7 the average number of individual
steps required is

M

LN d\’ 2104
n=-N*|—=—1} ~N°10 {8)

A

or on the order of 10°, depending on the porosity, as found
by Schwartz and Banavar (1989). In the present analysis, we
opt for a more elegant scheme that allows a walker to take
large steps (each of which is equivalent to several small steps
of the order of X) when it is sufficiently far from a solid surface
(pseudo-continuum regime), and take smaller steps in the vi-
cinity of a solid surface (discrete regime). This hybrid scheme
has been suggested by Reyes and Iglesia (1991) in the context
of transport in sintered sphere assemblages and will be outlined
next.

The first passage time (FPT) distribution of interest is the
probability P(z,x = 0; R) for a travel time ¢ for a particle starting
from the center of a sphere of radius R and reaching the surface
of the sphere for the first time, given as:

Dr:z‘:rzf>
R2
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P(t,x=0;R)=1+2) (- l)"exp(—- ©)

n=1

References to the derivation of Eq. 9 can be found in Weiss
(1967). This is a useful result because it implies that since the
probability density of first passage times is known, the dif-
fusing molecule can be advanced by a single step R,, which is
equivalent to arriving at the same point by a zigzag path com-
posed of several segments of the order of X, in time #,. The
compilation of S* vs. ¢ data for Eq. 7 is accelerated precisely
because the steps R; are much larger than X; furthermore, the
solution (Eq. 9) is strictly valid only for R,>>X. The exploi-
tation of the FPT in the context of exploring fibrous media is
explained in the next section.

Simulation procedure

Generation of Model Fibrous Medium. The diffusion sim-
ulations are all performed on the fully penetrable cylinders
(FPC) construction, purported to be a representation of a
fibrous medium. The cylinders are generated by choosing N,
random points in a cubic volume and assigning direction co-
sines to them at random, thus defining the cylinder axes. Based
on the desired porosity ¢ the radius of the cylinders is chosen
by

1

—Ing 2

I'f=
chi 2, lfi/NtVi

where /;. are the axis lengths and V is the volume of the cube,
set to unity (thus normalizing r, and /; by the edge length).
Thus the locations and orientations of the cylinders are com-
pletely uncorrelated. The axes are effectively truncated at the
cube faces so that a distribution of l;, results. Since points
within the cube are chosen and used to generate the cylinders
for computational convenience, the properties of the structure
may differ slightly from those of a true 3-D cross-section of
randomly oriented infinite cylinders in space. For cylinders
generated in this manner in a unit cube (I-randomness in the
terminology of Coleman (1969)), it has been shown that the
average axis length can be calculated exactly:

1
> WNE=1+; In2+ <%—4i>ln 3—4—ﬁtan"(l/x/5)

10)

(s ™

6 S’ tan~'w

——dw=0.896 (11
w+2 dw an

0

The average secant length in all of our computed structures
was nearly identical to this value. N, is chosen to be sufficiently
large that a test particle in a typical void region perceives that
it is in a dispersion of infinitely long fibers. This supposition
will be accurate if very few or none of the test particles venture
near a cube face (that is, the boundary of the simulation vol-
ume). This is less likely to be true for structures with high open
porosity, especially if the free paths of the particles are large
relative to the mean pore dimension, and thus some degree of
anisotropy will exist near the cube faces. The mean pore di-
mension in the generated structure is given by the engineering
formula
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d=—"= 12)

xr,N, (2 l,/N, V)

4¢ 2
s

where s is the interfacial surface area per volume of the dis-
persion, Further details of the generation and resulting ge-
ometry of the FPC are given by Melkote and Jensen (1989).

Molecular Travel. We now present the algorithm for the
diffusion simulation using the mean square displacement
method. The novelty of the procedure lies in the use of the
FPT to advance molecules more rapidly through the pore space
of the fibrous medium. The initial location of a walker (test
molecule) is chosen at random and this origin is preserved. A
search is performed to locatg the nearest cylinder surface to
this point, and an imaginary sphere is constructed centered at
this point so that it is just tangent to the closest cylinder surface.
The radius of the sphere, R,, is just the distance to the surface
(Figure 1). A point is chosen at random on the surface of this
imaginary sphere, and the molecule is advanced by a distance
R, to this point. The search procedure is repeated to locate the
closest solid surface to this point, another imaginary sphere is
constructed, and so on. As noted earlier, if the radius of this
sphere is of the same order as the mean free path A, use of
this procedure is invalid. In fact, this procedure does not prop-
erly account for the dynamics of a molecule-wall collision and
subsequent rebound (except in the limit Ny, =0, where it is
rigorously valid), since the probability of randomly choosing
the exact tangency point is zero. Secondly, if a particle has
reached a solid surface (within some tolerance ¢) some type of
scattering must be introduced for it to continue its journey.
Reyes and Iglesia (1991) used this imaginary sphere construc-
tion method in the simulation of diffusion in sintered sphere
assemblages. The wall collision mechanism is introduced here
by switching to a step-by-step ‘discrete’ simulation when the
imaginary sphere method brings a particle to within some small
distance 6 of the surface. This is equivalent to considering each

Boundary Layer

RN

RN
Ry
. R A
R TR

R S S

Figure 1. First passage time/discrete technique.
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cylinder to be surrounded by a boundary layer of thickness 4.
The rudiments of this scheme are illustrated in Figure 1. Upon
entering this layer, usually a few mean free paths thick, the
particle is assigned direction cosines at random. A search is
then performed to calculate the distance to the nearest cylinder
surface that lies in the particle’s trajectory. This distance is
then compared to a random variate A taken from the expo-
nential distribution which characterizes molecular mean free
paths (Loeb, 1934):

1
J= e (13)
using the equation
A=-NIn¢
£ uniform € (0,1) (14)

The molecule is advanced by the smaller of the two distances.
If a wall collision occurs, the particle undergoes diffuse scat-
tering and its direction cosines are modified accordingly (see
Melkote and Jensen, 1989, for pertinent equations). When this
step-by-step advance eventually brings the molecule out of the
boundary layer, the FPT/imaginary sphere ‘continuum’
method is resumed. The tracer travel is continued until the
desired probe time ¢, is reached.

In terms of the above hybrid scheme, S% and ¢ for Eq. 7 can
be calculated for the continuum and discrete regimes. The
square displacement is simply the square of the instantaneous
distance from the initial starting point:

SP=(x— X+ (Y=l +(z—2) (15

As a measure of time, Eq. 7 suggests that the actual distance
vt can be equivalently used:

vt = vtcont + vtdisc (l 6)

To obtain ¢, which should be a sum of variates from the
FPT distribution, a dimensionless form of Eq. 9 is convenient:

Pt)=1+ i(— Dexp(— r*73t’) a7

n=1
where ¢’ =Dt/R?. Then using Eq. 6,

V=0 3, =0 », RM//D=3D  R¥#//N.  (18)

Equation 18 can be simplified further if, for repeated use of
the imaginary sphere construction, we can approximate:

S R =U Y R} 19

i

t’ is simply:

(20

7 . ’ opP ’ ’ 1
t=g t E(t)dt =%
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Use of the mean passage time ¢’ instead of computing a variate
from Eq. 17 has been shown to save much computer time
(Torquato and Kim, 1989). 5¢ can then be written as

B= > RN+ DN 1)
i J

where \; are free paths in the discrete regime as chosen from
the exponential distribution Eq. 13 or a search over cylinder
surfaces. During the simulation, §2 vs. Ut data are averaged
over several random walkers, and the slope of the resulting
linear plot yields the tortuosity:

= 21 22
"= Glope) @2)
In the ordinary regime, X in the solid and free space are sub-
stantially the same. Note that for simulations in the transition
and Knudsen regimes, A must be replaced by the true mean
free path, which is € o, d). Figure 2 shows some typical §*
vs. Ut plots at several Knudsen numbers. Of note is the fact
that at small Ny, the total travel distance required to achieve
the same net displacement is much greater due to the larger
number of erratic, zigzag path lengths (most of which are not
actually traversed by virtue of the FPT method). Note that the
actual distance travelled is often several multiples of the sim-
ulation cell edge length. Finally, the termination criterion for
a particular walker can be expressed in terms of when the
probe distance roughly equals N pore dimensions:

Ndy
=5 @)

It should be noted that since 7 is a priori unknown, the cal-
culation of (V). is approximate. Finally, in this time interval,
there will be a distribution of squared pore distances S2, whose
mean is desired to be (Nd)>. Typical distributions of probe

j=
3
o
OO
o oo,
$ = 070 %
9
S ©
o
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o0
— oo
~ 3 | °
%8 &7 [EGEND
o° x = NKn = 100
&° o= NKn =0.50
g ° o=N_, =0.05
gw ooo Kn
OQ
[»]
[o]
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(o)
g¥°
S ¥ T 7 !
0.0 5.0 10.0 15.0 20.0
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Figure 2. Typical $° vs. vt plots, showing linearity.
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distances, corresponding to the simulations in Figure 2, are
illustrated in Figure 3. Note that the distribution is nearly
invariant with Ny, and resembles a Rayleigh-type density. The
fact that this distribution is wide further emphasizes the notion
that diffusion is an aggregate phenomenon; while individual
molecules may attain varying displacements, their density (Eq.
1) obeys the diffusion equation.

It should be noted that spherical enclosures are used in the
FPT/continuum procedure merely for convenience, since cy-
lindrical surfaces are similarly convex. For other dispersions,
different enclosure geometries may be more natural; however,
the diffusion equation has to be re-solved for the FPT ac-
cordingly. In their simulation of Brownian motion in various
2-D constricted pore arrangements, Siegel and Langer (1986)
used box-shaped enclosures to advance the walkers. They also
derived the FPT result for circular enclosures, which may be
of more general utility in 2-D problems.

Results and Discussion

In this section we present resuits for the tortuosities of the
FPC structures computed from the technique previously de-
scribed. Before doing so, some details common to all of the
cases must be provided.

The model structure used is an FPC dispersion in a unit
cube. To avoid correlations of any kind, periodic boundary
conditions are not employed. Instead, the sample size (as quan-
tified by the number of cylinders in the volume, N,) is made
as large as necessary. The boundary conditions become an
issue only if walkers stray near a boundary and/or collide with
it. Thus N, has to be increased (thus reducing the cylinder
radius for a given porosity) as much as practicable to minimize
the number which reach a boundary (that is, escape). While
the avoidance of boundary conditions is elegant, it is not prac-
tical at high porosities due to the large N, required to maintain
a low escape percentage. The drawback is that time is added
to the search procedure which is performed frequently. There-

(=3
3
[=3
LEGEND
3 = 070 T D2
g = =N, =050
Q — —
O—NKn- 0.05
*
/_\% X
Y oo
L4 ox X
oe
3— [ N o o,beo
° 0° o® XOX
9 o] .X o]
0 %o x
S [o8 X o x° o x
= R X LJ L4 o X® X b2 B
0.0 .6 12.0

2.4 .48 72 —

s (in‘units &f d)
Figure 3. Typical distribution functions of particle net
displacement.

AIChE Journal



fore, the further precaution is taken of choosing the origins
of the walkers only in a certain radius of the center of the
cube, which will depend on the required probe distance (see
Figure 4). In the current analysis, for instance, N, = 1,400 was
sufficient to reduce the escape fraction to < 5% in the ordinary
regime for ¢ <0.5 and a probe distance of nearly 64. Moreover,
the connectivity of the structure decreases at low ¢ due to
percolative effects, so that the escape fraction naturally de-
clines for a given N,. At higher porosities, due to higher con-
nectedness a larger fraction escapes. N,=1,500~1,800 was
required in these cases. Note that the practice of initiating the
walkers only in a smaller region about the cube center does
introduce some bias into the diffusivity calculation, but by
averaging the results over several realizations (different struc-
tures with the same ¢) this bias is minimized.

The number of mean pore dimensions (Nd) required to
probe adequately needs to be determined also. While it is
obvious that N, >1, the actual N has to be determined by
experimentation. We found that 5-6 mean pore dimensions
need to be traversed before a reliable tortuosity value is ob-
tained which is not sensitive to further probing. This probe
distance is required for correlation coefficients of 0.99 or greater
to be obtained in the linear regression of §* vs. Tt, especially
in the transition and Knudsen regimes. When only 0.5d or so
is explored, the tortuosity is roughly unity, that is, the molecule
is oblivious to the fact that it is inside a two-phase material.
In the ordinary diffusion simulations of Akanni et al. (1987)
who used the step-by-step method, Eq. 8 can be used to show
that in their random sphere dispersions, only 0.39—0.55¢_i were
probed in the ‘“‘cannonball” solids, and only 0.27-0.42d were
probed in the ‘‘Swiss cheese’’ solids. Their results are thus
insensitive to the nature of the pore walls (convex or concave)
as well as nearly invariant with ¢, a clearly unphysical result.

Finally, there is the question of how many walkers to include

in the computation of E[S?]. This was determined by plotting
the calculated 7 vs. N,, the number of walkers and judging
when the fluctuations become sufficiently small. N,,= 200 was
used in all cases. To obtain the mean and standard error of
7, the results were obtained from ten different realizations of
the medium at each porosity investigated.

Ordinary Regime

Computational issues

The main adjustable computational parameter here is 8, the
boundary layer thickness. The tortuosity results at one porosity
value are shown in Table 1. As mentioned earlier, § should be
on the order of a few mean free paths; here we have shown
the effect of & on the computed 7. The effect appears to be
negligible for & from 2X to 7x. Our choice of & is thus dictated
by other factors. At higher 8, the amount of time spent in the
discrete regime is greater, while at lower §, the amount of
overhead associated with the increased frequency of entries/
exits from the boundary layer increases. A moderate value of
5=5\ was chosen which appears to give negligibly different
tortuosities at lowest computational cost. Of course § =0 can-
not be used because the particle becomes ‘trapped’ at the cyl-
inder surface. Furthermore, there is a natural upper limit:

1
2NKn

=

24

>4|| o

Therefore for Ng,=0.5, in the transition regime, we are forced
to use a pure discrete simulation. To further minimize the
expense associated with the discrete procedure in the ordinary
regime, the repeated searches at each step are performed only
over nearest neighbor cylinders within an inclusion distance
d,. (Verlet, 1968). These Verlet lists are updated as infrequently
as possible; the optimal frequency was found to be whenever
the distance 4 that has been covered since the last update

satisfies
d d
——=1-4N, <—> 25)

inc dinc

which essentially assumes that there is a low probability of a
variate \;= 4\ being generated by the exponential distribution
(Eq. 13). In the ordinary regime d,,. =d sufficed in all cases.

Results

In Figure 5, we present tortuosities in the ordinary regime
at several porosities and Knudsen numbers of .05 and 0.025.
That these Ny, values very nearly represent the molecular re-

Table 1. Effect of Boundary Layer Thickness

8/\ T CPU sec/traj (Cray-2)
(¢ =0.70, Ny, =0.05)
2 1.42 2.37
Origins for walkers selected within this sphere 4 1.37 1.19
5 1.46 1.01
Figure 4. Simuiation volume, showing selection of start- ‘75 i-:g igi
ing points for random walkers. : .
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gime asymptote is revealed by the ratios of the actual mean
free path in the solid (Mee) to that in free space (Nevee space)- At
N, =0.05 and 0.025, Ne” Areespace = 0-93 and 0.97 respectively.
A plot such as Figure 8 (to be discussed in the next section)
can be used to verify this also. The error bars represent one
standard deviation (o) based on ten realizations. Shown for
comparison are several variational bounds and/or approximate
expressions. The solid line is the famous Hashin-Shtrikman
(1962) bound, 7= 1+ (1/2) (1 — ¢), which is the best bound for
an arbitrary two-phase dispersion if only the void fraction and
individual phase conductivities are known. The variational
bound of Weissberg (1963), 7=1—(1/2) In ¢, was derived for
a bed of randomly overlapping monodisperse spheres and is
an improvement over the H-S bound due to the inclusion of
this additional microstructural information. The best available
bound for the FPC medium is that of Tsai and Strieder (1986)
and is given by 7=1—(2/3) In ¢. This bound is derived as-
suming local diversion of the flux so as to negotiate the irregular
paths around insulating fibers and is expected to be a good
estimate of the conductivity at high bed dilution. Our simu-
lation results tend toward this bound at high porosities. Tsai
and Strieder report an experimental 7 value by Penman of 1.51
for ¢ =0.691; our calculated value at ¢ =0.70is 7= 1.46 £ 0.050.
Finally, the expression of Wakao and Smith (1962), 7=1/¢,
which was obtained as the bulk diffusion limit for transport
in macropore-micropore systems, is shown to be a good ap-
proximation to the simulation results. Deviations are noted at
lower porosities. While this agreement is fortuitous in the sense
that the porosity ¢ has been divided out of Eq. 7, it implies
that in the ordinary limit the diffusion mechanism through the
FPC resembles that in a simplified macropore-micropore as-
semblage.

Kim and Torquato (1990) recently simulated effective (trans-
verse) conductivities in equilibrium distributions of infinitely
long, oriented hard (that is, insulating) cylinders using a var-
iation of the technique here. Instead of explicit steps in the

=
® '
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A x=N, = 0025
< | _ =

o= NKn 0.05
2] } Hashin—Shirikman (1962)
t Weissberg  (1963)
F 5 Tsqi—Strieder (1986)
o g Wakao—Smith  (1962)
o~ %
~ \<\\ N g’g
o === : e SR
=
° T 1] ] T
0.0 0.2 0.4 0.6 0.8 1.0

Figure 5. Ordinary regime tortuosities and comparisons
with bounds.
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boundary layer, they derived the mean hitting times and prob-
abilities for a particle in a small neighborhood of the interface.
The results for a few cylinder volume fractions (from their
Figure 11) are compared with the present simulations for
Ni.=0.025 in Table 2. Interestingly, the agreement is very
good.

At lower porosities (¢ <0.30), we note a greater deviation
from this simplified picture and an increase in the standard
deviation of 7. Both observations are related to the existence
of disjoint void clusters at high fiber concentration. This was
observed in our ¢ simulations for total porosities less than
=0.42 (Melkote and Jensen, 1989) but has been observed at
much lower porosities by Tomadakis and Sotirchos (1991). As
a consequence of this percolative behavior, the walkers may
explore different regions of the void space which may not be
connected to one another and which may have significantly
different transport characteristics. The connections which do
exist are likely to be narrow necks due to the convex nature
of the inclusions. Therefore we would expect large fluctuations
in the tortuosity calculated by this method as the porosity
decreases, particularly as the percolation threshold ¢, ( = 0.095)
is approached,

Transition and Knudsen regimes

In this section we extend the analysis using the mean square
displacement (MDS) method to the heretofore unexplored
transition regime and the Knudsen regime which was previously
studied. Again, the computational issues are discussed first.

Computational Issues. In the transition and Knudsen re-
gimes, the hybrid FPT technique is no longer profitable, since
the thickness of the largest boundary layer that can be con-
structed is less than or equal to a typical free path length (see
Eq. 24). Therefore, a pure discrete simulation is used, which
is expensive at low A and is cheapest at the Knudsen limit. In
this simuiation, a comparison is made at each step between a
free path (from Eq. 13) and the distance to the nearest cylinder
surface along the trajectory line, and the particle is advanced
by the smaller distance. Due to the greater overhead involved
in performing this search much more often, we would expect
the computations to be more expensive. A timing comparison
between the hybrid FPT and discrete techniques is made at
Ny, = 0.50, which is probably the upper limit at which the
former can be used, and is presented in Table 3.

First, the quantitative results for 7 via the two methods agree
very well, yielding some confidence in the use of the hybrid
technique in the ordinary regime. Second, the hybrid technique
does save much time even though the inclusion distance d,,
has been increased from d to 4d due to the higher Ng,. Com-
putation times are reduced by an order of magnitude on the
average, and this saving would only increase at lower Ng,,
since the number of discrete steps n~ Ng? (see Eq. 8).

In general, larger sample sizes were required for higher Ny,
since the fraction of particles escaping from the simulation

Table 2. Comparison of D*'/D at Ni,=0.025

Cylinder fraction Kim & Torquato (1990) Present
(1-¢) (Figure 11) Simulations
0.30 0.508 0.500
0.50 0.279 0.249
0.70 0.121 0.092
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Table 3. Comparison of MSD w/ and w/o0 FPT

CPU sec/traj

é 7 at Ng,=0.50 (Cray-XMP)
Hybrid Discrete Hybrid Discrete
020 5.61x0.350  6.14+0.500 0.22 3.05
030 391x0.170 3.83+0.166 0.18 1.73
040  2.80+0.132 2.77+0.114 0.15 1.21
0.50 2.30+0.169 2.35+0.128 0.17 1.10
0.60 1.90+0.137  2.05+0.151 0.18 1.00

volume increased for the same probe distance. Furthermore,
the required sample size using this technique increases rapidly
with porosity at high ¢, since N. ~ (— In ¢)~'. For instance,
N, = 2,200 was required for pure Knudsen simulations at ¢
= (.70, while N, = 5,400 was required at ¢ = 0.80to maintain
the low escape percentage. The use of some type of boundary
condition thus becomes essential at such high porosities. It is
difficult to impose truly periodic boundary conditions on a
random fiber unit cell which is intrinsically nonperiodic, and
some approximation such as specularity must be used.

At this point, it should be emphasized that the main draw-
back of the MSD technique, as with most particle simulation
methods, is the large computational requirement. However,
since the particle histories are essentially independent of each
other, a parallel machine could be used to obtain results at a
rate suitable for experimentation and parameter studies. [This
computational decoupling has been achieved even in the or-
dinary and transition regimes by use of the free path distri-
bution, Eq. 13]. Furthermore, the memory requirements are
small (<1 MW) so that small samples may be investigated on
a high speed workstation.

Results

In the transition regime, the number of wall collisions is
comparable to the number of intermolecular collisions, and
thus the inclusion geometry would be expected to be more
influential than in the ordinary limit. The toruosities are ex-
pected to be higher because of an increasing number of path
reversals forced by the diffuse scattering at the walls. This is
indeed evidenced by the data at Ny, = 0.50 and N, = 1.0
shown in Figure 6, which now deviate strongly from 7=1/¢.
It is important to note that the tortuosities in Figure 6 were
calculated using the true mean free path, that is, the actual
distance between collisions as obtained during a simulation,
in the bulk diffusivity (see Eq. 6). While this did not differ
significantly from the free space value (Ay..=Ng,d) in the
ordinary regime, it does differ in the transition and Knudsen
regimes as the wall effects become stronger. For instance, at
Nei = 0.50, Ayue/Nee spacc = 0.62, and at Ny, = 1.0,
Aue/Aee = 0.43. When this ratio is accounted for in calcu-
lating a 7 based on the free space value of A, the result is as
shown in Figure 7, where the ordinary regime values are in-
cluded for comparison. One would expect a 7 defined in this
manner to increase monotonically with Ny, since Age. alVx,
but A, — d. The  of Figure 7 may be more useful in practical
problems where the A, can be calculated from the temperature
and pressure but X(rue is unknown a priori. Thus the Knudsen
numbers discussed in this study refer to the nominal values
based on Ag... From a theoretical standpoint, however, the
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Figure 6. Transition regime tortuosities.

0.8

tortuosities in Figure 6 are truly representative of the obstruc-
tionism of the porous medium.

The tortuosities based on the true mean free path were com-
puted for several more Knudsen numbers (at fixed porosity)
and the results are shown in Figure 8. This plot is useful in
precise determination of the limits of the transition regime. It
is evident that the lower molecular asymptote is reached for
Ny, = ~ 107! while the Knudsen asymptote is reached when
Ny, = ~ 10°. Thus the transition regime can be defined for
Ny, € (0.5, 100) where 7 increases proportionally with log N,.
This type of delineation has not been performed, to our knowl-
edge, for diffusion in fibrous media. Tassopoulos and Rosner
(1991) found a very similar relationship between toruosity and
Knudsen number in their anisotropic particulate systems, while
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Figure 7. Tortuosities normalized by X...
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Reyes and Iglesia (1991) found the tortuosities at the extremes
of Knudsen number to be approximately equal. The latter
suggests the existence of an appropriate pore length scale, based
on which the tortuosities are independent of the diffusion
regime. While a definition based on such a length scale is
obviously desirable, it is impossible to determine this scale a
priori for a given geometry.

Figure 8 suggests that perhaps a simple relationship can be
suggested to correlate tortuosities in the transition regime with
porosity and Knudsen number. The data at ¢ = 0.40 and Nk,
€ {0.50, 100] were fit to an equation of the form

7——;;=a+b1n Nin+ c(in Ng,)? (26)

The tortuosities according to Eq. 26 were then compared to
computed values at several Knudsen numbers in this range;
this is shown in Figure 9 for 0.20 < ¢ < 0.60. This simple
equation works well except at the lowest porosity value. A
general correlation with a more exact ¢ dependence could be
obtained by nonlinear regression on a larger data set. A com-
parison can also be made with the oft-used Bosanquet relation
for mixed diffusion in a straight capillary (Aris, 1975). It can
be readily shown that

=22 (4 Ny @7

D Bosanquet

This ratio is 0.93 ¢/7 at Ng,, = 0.50 and 0.86 ¢/7 at Ng, =
1.0.

It is interesting to compare the Knudsen limit tortuosities
obtained using the present MSD technique with those previ-
ously obtained using the f7— L (transmission probability) tech-
nique. Since at the Knudsen limit Mwe = d, the results of
Figure 8 in Melkote and Jensen (1989) were converted to tor-
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Figure 8. Tortuosity variation with Knudsen number.
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Figure 9. Comparison of simple equation fit (equation
lines) with transition regime tortuosities.

tuosities and were plotted (without their error bars, for clarity)
in Figure 10 using the definition:

D(d
Tkn=¢ <%) (28)

Included are the new calculations of 7, at Ny, == 100 with +
¢ error bars. It is apparent that the two methods agree re-
markably well. This may seem surprising if one considers that
the old transmission probability technique employed an elon-
gated cell with fewer cylinders, used periodic boundary con-
ditions in two dimensions, and only made use of x-direction
displacement data. These ‘shortcomings’ appear to be reflected
only in the greater amount of scatter in the previous data,
while the quantitative agreement is likely due to the fact that
an adequate number of pore dimensions were explored in the
old technique by the requirement that a sufficient number of
molecules penetrate to a depth of 1/3 of the cell length or
more to obtain good linearity in f7vs. 1/L. It should be noted
that even small escape fractions, on the order of § percent,
can contribute to large percentage errors in the computed tor-
tuosity. It can be shown using Eq. 1 that the errors in the
zeroth moment and second moment, representing the escape
fraction and error in the mean square displacement respec-
tively, can be given approximately by

1 3
e=1——S exp (—n*/d)q* d 29
0 ) p (=" /4" dn (29)
e——1——L— Séex (—7%/4n* d (30)
2 12’\/; N P n n an

where ¢, as e, — 0 as £—oo, and £ is a normalized measure
of the dimension of the simulation volume. Since application
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Figure 10. Comparison of Knudsen tortuosities com-
puted by present (MSD) technigque and old
{transmission probability) method.

of Egs. 29 and 30 showed that escape fractions of 5-6 percent
resulted in = 19 percent error in tortuosity,

Tactual = Tcalculated (1 - eZ) (3 1)
the Knudsen tortuosities in Figure 10 were subsequently ad-
justed downward.

Also shown in Figure 10 is the variational upper bound on
the Knudsen tortuosity due to Faley and Strieder (1988),

13

)

(32)

While porosities exceeding 0.80 were not investigated due to
prohibitive sample sizes, it is expected that this bound should
be reached asymptotically as ¢ — 1. Note once again the
increasing magnitude of the error bars with decreasing porosity
in Figure 10, which is a consequence of the isolated cluster
formation. At high porosities where the pore space is highly
connected the standard deviation among multiple realizations
is small. This notion is related to the ‘‘smooth field”’ as-
sumption (Jackson, 1977) which is necessary to be able to
formulate the continuum equations in a disordered porous
medium. Based on our observations of the magnitude of the
scatter in 7, it appears that only for the critical region ¢, < ¢
< 0.20 are the smooth field conditions in question. In CVI,
this is normally only a concern over a small duration of the
densification and is often ignored when formulating a process
description. However, it should be kept in mind while inter-
preting results obtained from a macroscopic model of the proc-
€ess.

Conclusions
In this study, we have extended the study of effective dif-
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fusivities in fibrous media to include the spectrum of Knudsen
numbers from the ordinary (molecular) regime to the Knudsen
limit. The mean square displacement (MSD) technique based
on Brownian motion theory was introduced as a viable sim-
ulation method. In the ordinary regime it was shown that use
of the conventional step-by-step discrete methods is enor-
mously time-consuming for adequate exploration of the pore
space, and a more elegant method based on the first passage
time (FPT) distribution for random walkers was introduced.
The ordinary regime tortuosities thus calculated were well rep-
resented by 7 = 1/¢ at high porosities. Since the FPT method
could not be used for Ny, > 0.5, the unadorned MSD technique
was used for higher Knudsen numbers. In particular, the limits
of the transition regime in these media were quantified for the
first time, and the Knudsen asymptotic tortuosities agreed with
those computed by a different technique. As Kim and Torquato
(1990) point out, the largest sources of error are due to the
finite number of random walkers used and the finite length of
their walks.

The MSD method, especially with the FPT embellishment,
appears particularly suited to transition and molecular regime
transport calculations in disordered two-phase dispersions of
arbitrary inclusion geometry. For instance, a potential appli-
cation is in measurement of the directional diffusivities in 2-
D layered wave preforms, which are also densified using CVI.
An examination of Eq. 3 shows that the MSD method can be
applied to such anisotropic systems as well, provided the in-
dividual displacements are independent of each other. If a small
scale representation of the actual medium can be constructed
on the computer, the MSD method can be applied with success,
even in the transition regime where no model equation presently
exists.
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Notation
d = mean pore dimension
D = diffusion coefficient
E['], < = expectation, mean
&, e, = errors in Oth, 2nd moments
= distribution
fr = transmitted fraction
I, = fiber length
L = penetration depth
n = number of steps
N = number
N. = number of cylinders
Ny, = Knudsen number
P(tx;r) = first passage time (FPT) distribution
r; = fiber radius
R = radius of imaginary sphere
s = specific surface area
S = displacement
t = time
t, = probe time
t’ = dimensionless variate from FPT
v = mean molecular velocity
V = simulation volume
X, ¥, 2 = position coordinates
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Greek letters

& = boundary layer thickness
_ A = mean free path
Ae = actual mean free path in porous solid
Aiee = free space value
¢ = porosity
¢. = percolation threshold
o = standard deviation
T = tortuosity
¢ = uniform random variate;
upper integration limit in Egs. 29 and 30
Subscripts
cont = continuum
disc = discrete
f = fiber
i = step index
inc = inclusion
Kn = Knudsen
max = maximum
min = minimum
M = molecule
o = origin
Superscripts
A = accessible
eff = effective
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